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Abstract

A group of sinusoidally-wound coaxial toroidal coils
can be used to determine the magnitudes, phases, and
coordinates of one or two time-dependent currents that
pass through their common aperture. A single current
filament requires one uniformly-wound coil and two
others having turn densities proportional to the sine and
cosine of the azimuthal coordinate.  Three simple
algebraic equations give the magnitude, phase, and
location of the current in terms of the voltages induced on
the three coils, and there is no ill-conditioning. Two
current filaments require two additional toroids with turn
densities proportional to the sine and cosine of two times
the azimuthal coordinate, and the solution is obtained
using the method of steepest descent. Solutions for more
than two currents with unknown locations are numerically
unstable. Numerical tests were made by specifying the
magnitudes, phases, and coordinates of the currents,
calculating the induced voltages, adding Gaussian noise to
model measurement errors, and then using the algorithms
to calculate the currents and their coordinates. These
simulations confirm that this method may be used with
one or two currents

INTRODUCTION

Others have used a variety of different techniques to
monitor the position of a single beam in an accelerator,
including arrays of capacitive pickups, resistive wall gap
monitors, electrostatic monitors, split-plate monitors,
split-cylinder monitors, button monitors, longitudinal
transmission lines, resonant cavities, and reentrant
cavities [1]. Other techniques include secondary emission
monitors, wire scanners, multi-wire chambers, gas
curtains or jets, residual gas monitors, scintillator screens,
scrapers and measurement targets, and synchrotron
radiation [2], as well as the deflection of a probe beam of
electrons [3].

Three groups have described work that is directly
related to this paper. Two of these used a short uniformly-
wound solenoid in each quadrant to determine a single
current and its location [4,5]. Murgatroyd and Woodland
[6] commented that two coils with turn densities varying
as sine(0) and cosine(0) could be used to determine the
location of a single current, but they gave no analysis or
experimental results and attempts to reach these two
authors were not successful.

A Rogowski Coil is a non-ferrous current probe formed
by bending a uniformly wound helical coil to follow a
closed curve having arbitrary shape [7-9]. When a time-
dependent current passes through the aperture that is
enclosed by the bent helix a voltage is induced on the coil
which is independent of the location of the current.

Currents that are located outside of the aperture do not
induce a voltage on a Rogowski coil. Deviations from a
uniform winding are carefully avoided because they cause
the induced voltage to depend on the location of the
current within the aperture, but it will be shown that a
group of coils having a specific type of nonuniformity
may be used to accurately determine the current and its
location.

ANALYSIS

Figure 1 is a diagram used for deriving expressions for
the open-circuit voltage induced on a non-ferrous toroidal
coil that may have a nonuniform winding. The toroid has
a major radius R, and the cross-sectional area of the
toroidal tube is A. Consider the induction in an
incremental winding of length RdO that is centered at
(R,0) or equivalently (X,,Y;), which is caused by a
filament with current I = Iloe]mt that intersects the X,Y
plane at point P(X,,Y;). The dashed lined L,, L,, and L;
are normal to the increment of winding, parallel to the
magnetic field, and parallel to the X-axis, respectively..
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Figure 1: Diagram for analysis.

Let N°(0) be the number of turns per unit length of the
coil, as measured on a circle with radius R. For example,
with a uniform coil N’ = Ny’ = Nt/2nR, where Nr is the
total number of turns. The number of turns in an
increment of the coil is dN = N’(0) R df. Thus, if the
height and width of the tube are much less than R, the
open-circuit voltage on the entire coil is given by



Using trigonometry to obtain an expression for cos(f - 0),
Eq. (1) simplifies to give the following:
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The expressions for N’(0) are chosen from the
following set, which is the basis for a Fourier series:
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By substituting the set in Eq. (3) into Eq. (2), and
evaluating the integral, the open-circuit voltage that is
induced on each coil is given by the corresponding term
of the following set:

for currents within the aperture, so that R, < R. It is
assumed that no currents outside of the aperture are close
enough to the coil to cause significant induction.

Expressions for a Single Current Filament

If a single current filament passes through the aperture,
Eq. (4) may be used to show that the current and its
coordinates may be uniquely determined from
measurements that are made using three coils, by means
of the following three equations:
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Here Voco, Vocic, and Vocgs are the open-circuit complex
voltages induced on the three coils, for which the
respective number of turns per unit length is Ny,
Nic’cos(0), and Ns’sin(0). The derivation of Egs. (5)-(7)
implicitly assumes that R <<}, so these equations require
that Vocic, and Vocs are in phase with each other and in
phase quadrature with the current.

If the errors in the three measured voltages are small,
but much greater than the effects of imperfections in the
fabrication and placement of the coils, Egs. (5) to (7)
require that the fractional errors in the calculated current
and its coordinates are related to the fractional errors in
the voltage measurements as follows:
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Equations (8) to (10) show that the fractional error in
the calculated current is equal to the fractional error in the
measurement with the uniformly wound coil. If the
fractional errors in measuring the three voltages are
comparable, then the fractional errors in the calculated
coordinates have expectation values that equal the square-
root of 2 times the fractional error in the calculated
current. Thus, there are no effects of ill-conditioning for
the case of a single current filament.

Expressions for Two Current Filaments

If there are two current filaments, I, = Iloej“" at (R, 0))
and I, = Lie" at (R,, 0,), Eq. (4) shows that the open
circuit voltages on the first five coils from the set will be
given by
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It may be seen that this set of 5 equations in 6
unknowns is a determined system by considering that the
currents and voltages are complex variables requiring
both phase and magnitude, but the phases of the measured
voltages must have a common reference.

It appears that Eqs. (11)-(15) cannot be solved directly.
Thus, a cost function is defined as the sum of the squares
of the residuals in these five equations, and the method of
steepest descent is used to determine the values of Iy, Ry,
01, I, Ry, and 0, for which the cost function has a
minimum.

Equations (11)-(15) were also used to derive two
simultaneous equations having only the variables 6, and
0,, so these two equations may be solved and then the
other 4 unknowns may be determined from them.
However, this procedure has been shown to have much
lower numerical stability than by using the method of
steepest descent as just described.
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NUMERICAL TESTS OF ALGORITHMS

Numerical tests were made by specifying the
magnitudes, phases, and locations of the currents,
calculating the induced voltages, adding Gaussian noise to
model measurement errors, and then using the algorithms
to calculate the currents and their locations. These results



were compared with the specified values to determine the
range of convergence and the numerical stability.
Highlights of the results of these tests are as follows:

e For one current filament, Eqgs. (5)-(7) may be used for
an explicit solution, or the method of steepest descent
may be used to determine the solution by minimizing
the residuals. Three coils are required, and both of these
procedures are highly accurate with errors that are
consistent with Egs. (8)-(10).

e For two current filaments, Eqs. (11)-(15) are used with
the method of steepest descent. Five coils are required,
and the errors are consistent with the Gaussian noise
that is introduced to model the measurement errors.
The fractional errors in the currents and their
coordinates are several times the fractional errors in the
measurements.

e For two current filaments, two simultaneous equations
in the variables 0; and 6, may be solved and then the
other 4 unknowns may be determined from these two
variables. However, this procedure has much lower
numerical stability than the method of steepest descent
as just described. Furthermore, there is a narrow range
of convergence and the errors in determining the
remaining 4 unknowns are much greater than the errors
in 0; and 0,.

e [t would appear to be possible to use the method of
steepest descent with the measurements from 2M +1
coils to determine the magnitudes, phases, and locations
of M currents. However, the solutions are numerically
unstable with more than 2 currents when their locations
are unknown.

SUMMARY AND CONCLUSIONS

e Three coaxial toroidal coils may be used to determine
the magnitude, phase, and location of one time-
dependent current passing through their common
aperture. These three coils should have the number of
turns per unit length constant, and proportional to the
sine(0), and cosine(0), where 0 is the azimuthal
coordinate.

e Five coaxial toroidal coils may be used to determine the
magnitudes, phases, and coordinates of two time-
dependent currents passing through their common
aperture. These five coils should have the number of
turns per unit length constant, and proportional to the
sine(0), cosine(0), sine(20), and cosine(20).

e The magnitude, phase, and coordinates of one current
are determined from measurements of the magnitude
and phase of the voltages that are induced on three
coils, either by an explicit solution with three equations
or by the method of steepest descent, with fractional
errors that are approximately equal to the fractional
errors in the measurements.

e The magnitudes, phases, and coordinates of two
currents are determined from measurements of the
magnitudes and phases of the voltages that are induced
on five coils by the method of steepest descent, with
fractional errors that are several times the fractional
errors in the measurements.

e [t does not appear to be practical to use this method
with more than 2 currents when their locations are
unknown.

REFERENCES

[1] M. Minty, “Diagnostics,” Deutsches Elektronen
Synchrotron (DESY) Accelerator Division Internal
Report (2004).

[2] H. Koziol, “Beam diagnostics for accelerators,”
Proceedings of the CERN Accelerator School, Fifth
General Accelerator Physics Course, ed. S. Turner
(1992).

[3] J. A. Pasour and M. T. Ngo, “Nonperturbing electron
beam probe to diagnose charged-particle beams,”
Rev. Sci. Instrum. 63 (1992) 3027-3039.

[4] D. Berners and L. Reginato, “Beam position and total
current monitor for heavy ion fusion beams,”
Accelerator Instrumentation Fourth Workshop, AIP
Conference Proceedings No. 281 (1993) 168-174.

[5] P. Adderley, W. Barry, J. Heefner, P. Kloeppel, R.
Rossmanith and M. Wise, “A beam position monitor
for low current DC beams,” Proceedings of the 1989
Particle Accelerator Conference (1989) 1602-1604.

[6] P. N. Murgatroyd and D. N. Woodland, “Geometrical
properties of Rogowski sensors,” IEE Colloquium on
Low Frequency Power Measurement and Analysis 9
(1994) 1-10.

[71 W. Rogowski and W. Steinhaus, “Die messung der
magnetischen spannung,” Arch. Electrotech. 1 (1912)
141-150.

[8] A. G. Klein, “Demonstration of Ampere’s circuital
law using a Rogowski coil,” Am. J. Phys. 43 (1975)
368-370.

[9]1 M. J. Hagmann and T. M. Babij, “Non-invasive
measurement of current in the human body for
electromagnetic dosimetry,” IEEE Trans. Biomed.
40 (1993) 418-423.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


